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1.  Know what it means for a function to have a limit at a point. (see Weir sections 2.1 and 2.3)
Formal Definition of a Limit (see Weir, page 92)

Let f(x) be a function defined on an open interval containing x0, except possibly at x0 itself.  We say that f(x) has a limit of L at x = x0 (or as x approaches x0), and we write 
[image: image1.wmf]L

x

f

x

x

=

®

)

(

lim

0

, if for every number 
[image: image2.wmf]0

>

e

 there exists a corresponding number 
[image: image3.wmf]0

>

d

 such that 
[image: image4.wmf]d

<

-

<

0

0

x

x

 implies 
[image: image5.wmf]e

<

-

L

x

f

)

(

.
Conceptual Understanding of a Limit
A limit is a characterization of “good behavior” infinitesimally close to some value of an independent variable.  That is, a limit describes a value that our function draws very, very close to (and stays very, very close to) as the values of the independent variable (e.g. “x”) draw very close to some target value (“x0”).
Note that for a limit to exist, the function must be approaching the same value from both sides as 
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 (unless you are working with one-sided limits, specifically).  If there is no single value being approached “within epsilon,” or if the function is not approaching the same value from both sides, then the limit does not exist at that value of x0.
The following URL gives a link to an applet that allows the user to interact graphically with the parts of the limit definition: http://www.scottsarra.org/applets/calculus/EpsilonDelta.html
2.  Calculate limits of functions or determine that a limit does not exist.  (see Weir sections 2.2, 2.4, 2.5)
In some cases, a limit 
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 may be evaluated by directly substituting the target value x0 into the function f(x).  This is possible when f is continuous at x0.  (Actually, you will observe from the forthcoming discussion of continuity that the very definition of continuity relies on the value of the limit; hence the prior sentence falls into circular reasoning.  The actual justification for using substitution in a limit relies on an application of Theorem 1 from page 84 of Weir to a few immediately accessible “starter” cases, such as the limits of linear functions.  From there, we find more subtle limits that can be evaluated via substitution by building sums, products, etc., of previously established limits.  However, once the student has a working grasp of continuous functions, the former approach is effective, even if not logically rigorous.)
Example:
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.  This reflects the continuity of the function 
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 at x = 4.
Often, however, we will find that the limit cannot be evaluated by direct substitution.  Typically—especially in the context of calculus—this will be observed in an expression that takes on an indeterminate form (most commonly 
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, etc.) at the target value x0.  An indeterminate form, in essence, tells us nothing about the ultimate value of a limit.  It may be large, it may be small, it may be zero, it may be infinite, or the limit may not exist at all.  Our goal in these cases is to try to “resolve” the indeterminate form, usually algebraically, into a form with the same ultimate limit, but without the indeterminacy.
Examples:
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 (this makes use of the important limit:  
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, as the fraction grows infinitely large and positive, without bound, as x approaches 2 from both sides.  This implies the presence of a vertical asymptote at x = 2.  Note also that depending on the context, an infinite limit is one special case of a limit that does not exist, in the sense that the function is not approaching a single finite value from both sides.
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 does not exist, as this function is approaching (indeed, it is constant at) 0 from the left, and 1 from the right.  On the other hand, we can use one-sided limits and state that 
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 does not exist, as the function continues its oscillation between -1 and 1, with ever greater frequency, as x approaches zero.  Hence the function does not converge to any single value.
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3.  Solve problems using the properties of limits (see Weir sections 2.1 – 2.3).
In addition to the ideas and examples discussed above, consider physical and graphical interpretations/applications of limits.
Example:
If the height H (in feet off the ground) of a ball t seconds after you drop it out of a 24-foot window is given by the equation 
[image: image23.wmf]2

16

24

)

(

t

t

H

-

=

, then the limit 
[image: image24.wmf]h

H

h

H

h

)

1

(

)

1

(

lim

0

-

+

®

 will represent the instantaneous rate in change of the ball’s height with respect to time (that is, the velocity of the falling ball) exactly 1 second after the ball was dropped.  (see Weir section 2.7 for a more specific discussion of the use of this particular limit to represent the slope of a tangent line and/or instantaneous rates of change)
4.  Know when and how to use L’Hôpital’s Rule.  (see Weir section 4.6)
L’Hôpital’s Rule states that if 
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This gives us a computationally convenient way to resolve the common 
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 indeterminate form.  Incidentally, the same principle applies to the 
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Example:
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.  Note that in this case, L’Hôpital’s Rule was applied three times in succession, until finally the 
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 indeterminate form was resolved.
For other indeterminate forms, such as 
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, we use algebraic manipulations to transform the expression into the 
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 indeterminate form.  See Weir pages 296-299 for details.

5.  Show that a particular function is continuous.  (see Weir section 2.6)

A function f(x) is continuous at x = a if 
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.  Hence, showing that a particular function is continuous is a matter of verifying these two conditions (evaluating a limit, evaluating a function, and comparing the two values.)
There exist three common types of discontinuity: removable discontinuities, infinite discontinuities, and oscillating discontinuities.  See Weir section 2.6 for additional discussion.

6. Understand the difference between continuity and differentiability.  (see Weir section 3.1)

All differentiable functions are continuous.

The converse, however, does not necessarily hold.  A counterexample would be the absolute value function 
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.  Therefore the function is not differentiable at x = 0.  

This is observed visually by the sharp point in the graph at the point where the function is not differentiable.
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7. Relate the derivative of a function to a limit and the slope of a curve.  (see Weir sections 2.7 and 3.1)

By definition, the derivative of a function f(x) (with respect to x) is the function 
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Hence, a derivative is a limit.  Interpretively, this limit gives us the slope of a line tangent to a curve by considering the slope of a secant line secant passing through two points on the curve, then using a limit to bring these two points infinitesimally close together.  In this sense, the derivative gives the slope “at any point” on the curve for which such a slope is well defined.
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